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Optical tuning of nonlinear dynamics induced by light in nematic liquid crystals
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We study optical control of the nonlinear dynamics generated by an ordinary polarized light at a small angle
of incidence in a nematic liquid crystal film. Recent experiments have demonstrated the possibility of modi-
fying the molecular reorientation dynamics by the addition of a weak incoherent beam orthogonally polarized
to the pump beam. We present a theoretical model for the director dynamics and we demonstrate the possibility
to tune the complexity of the dynamics~optical tuning! using the weak beam intensity as a control parameter.
The generation of new dynamical regimes, not observed in the single beam geometry, is also predicted. Finally,
interpretation of optical tuning effects is discussed on the basis of an effective model.
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I. INTRODUCTION

The optical field induced reorientation of liquid cryst
molecules is a well known phenomenon that has been t
oughly investigated for more than two decades@1–3#. Par-
ticular attention has been devoted to describing the inte
tion of a light beam with a nematic liquid crystal~NLC!, i.e.,
an optically uniaxial anisotropic medium characterized b
local optical axis called a director. Of the great variety
light–matter interaction geometries, some of them have d
onstrated the possibility to generate reorientation dynam
@4#, and this is closely related to the exchange of spin ang
momentum transfer between light and NLCs@5#. One such
configuration is an elliptically polarized beam at normal
cidence on a homeotropically aligned NLC, with the direc
perpendicular to the substrates of the sample. In that c
several different limit cycle behaviors are observed such
oscillation, nutation and precession regimes@6,7#. The par-
ticular situation where the excitation beam is circularly p
larized exhibits a peculiar sequence of transitions betw
periodic and quasiperiodic regimes@8–10#. Another configu-
ration, with a light beam having ordinary linear polarizatio
at a small angle between the unperturbed director and l
wave vector, is known to produce a peculiar route to ch
via a cascade of gluing bifurcations@11–13#.

Optical control of the director dynamics was first demo
strated by monitoring the total angular momentum of
excitation light field using two incoherent circularly pola
ized beams of opposite angular momentum@14#. There, the
precession regime is initially induced by a circularly pola
ized beam and the angular velocity is controlled by vary
the intensity of the second beam. This approach was t
extended to control local angular momentum depositi
thereby allowing the generation of macroscopic chiral or
in achiral liquid crystals@15# and optical control of the mul-
tistability @16#. More recently, experiments for an excitatio
beam with ordinary linear polarization at oblique inciden
~OPOI! have demonstrated the possibility of modifying t
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molecular reorientation dynamics by addition of a weak
coherent beam orthogonally polarized to the pump be
@17#. Since chaotic dynamics are expected in such a ge
etry, optical control here is a particularly interesting prospe
Qualitative comparison of experimental data with theory w
restricted to a generic model with the same bifurcation s
nario for a given set of parameters but without a direct li
to the system, therefore limiting the physical interpretati
@17#.

In the present work, we develop a set of ordinary diffe
ential equations~ODEs! that describe optical control of th
dynamics with a weak additional beam in OPOI geome
This control beam is collinear, incoherent and orthogona
polarized with respect to the pump electric field. The c
propagating geometry@Fig. 1~b!# was chosen for the purpos
of simple demonstration. The main result of the model i

FIG. 1. ~a! Definition of the director n
5(sinu,cosu sinf,cosu cosf) in the Cartesian coordinate syste
(x,y,z). ~b! Interaction geometry. BS, beam splitter; M, mirror; VA
variable attenuator;l/2, half-wave plate; NLC, nematic liquid crys
tal film; Epump, electric field of theS-polarized pump beam;Econtrol,
electric field of theP-polarized control beam;s0, incidence angle of
the beams.
©2004 The American Physical Society12-1
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description of the possibility to control the complexity of th
dynamics by a procedure that amounts to an increase in
tensity of the control beam. We call this effect ‘‘optical tu
ing’’ in the sense that initial director motion on a periodn
orbit on a Poincare´ surface of section can be brought to
period-m orbit with m,n once control is activated. On th
other hand, starting from a chaotic regime the system ca
trapped in a period-n orbit or even a new regime that is no
accessible with a single beam excitation. Moreover, in
attempt to understand the physical mechanism of the op
stabilization phenomenon, we propose a correspond
single beam model where aneffectivecontrol parameter is
used instead of the control beam intensity.

II. MODEL

We consider the situation depicted in Fig. 1, where
ordinary pump beam with linear polarization impinges on
NLC sample at small angles0. The copropagating contro
beam is linearly polarized in the incidence plane (x,z). For
the sake of simplicity, we assume infinite plane waves a
thus we consider solutions that only depend on the spa
coordinatez and timet. This assumption could prevent qua
titative comparison with experimental observations if t
beam size is less than the cell thickness, for which m
delicate treatment is necessary@10#.

The director is described by the anglesu and f, n
5(sinu,cosu sinf,cosu cosf) @Fig. 1~a!#, and the strong
anchoring conditions @u(0,t)5u(L,t)5f(0,t)5f(L,t)
50# allow one to expand these angles into Fourier serie

u~z,t !5 (
n51

`

un~ t !sin~npz/L !, ~1!

f~z,t !5 (
n51

`

fn~ t !sin~npz/L !. ~2!

The system of equations that describes the director dyna
is obtained from the fundamental equations of liquid cryst
and those of electromagnetic waves by writing the balanc
viscous, elastic and electromagnetic torque exerted on
director@18#. By projecting these equations on modesun and
fn , a set of ODEs is obtained. For the simplest nonlin
model and assuming small reorientation amplitude (u,f
!1) we expand all functions as a power series in th
angles up to third order. Finally, by retaining a finite numb
of modes for each angles we have a set of coupled,
order, nonlinear ODEs for variablesf1 , . . . ,fN and
u1 , . . . ,uM . One can show that the minimum number
modes required to properly describe the case of a sin
o-polarized excitation beam corresponds toN52 and M
51 sincef1 is the only linearly unstable mode for excitatio
intensities not too high above the primary instability and t
three variables suffice to obtain chaotic behavior@19#. How-
ever, in the present case,u1 is always unstable due to th
seconde-polarized beam (c0000Þ0; see the Appendix! there-
fore the second mode in theu direction, u2, must also be
02171
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retained (N52, M52). Finally, the resulting dynamica
system is described by the following set of four coupl
ODEs:

t
]

]t S f1

f2

u1

u2

D 5 (
a,b,g,d S aabgd

babgd

cabgd

dabgd

D f1
af2

bu1
gu2

d , ~3!

with

0<a1b1g1d<3 ~4!

(a, b, g, andd are integers!, wheret5(gL2)/(p2K3) is a
characteristic reorientation time withL the cell thickness,g
the orientational viscosity andK3 the bend elastic constan
Coefficientsa, b, c andd are calculated using the formalism
presented in Ref.@19# and are expressed in terms of th
normalized intensity parametersr1 andr2,

r15
I 1

I F
, r25

I 2

I F
, ~5!

where I 15 zEpumpu2 is the intensity of the pump beam,I 2
5 zEcontrolu2 is the intensity of the control beam. The intensi
I F5(8pe ip

2K3)/(eae'L2) is the Fréedericksz transition
threshold for linearly polarized excitation at normal inc
dence wheree' (e i) is the dielectric permittivity perpendicu
lar ~parallel! to n at optical frequency andea5e i2e' . We
further define the parametersh5ea /e' , s5s0 /e'

1/2 and k
5(L/l)@s2e'

1/2h/(11h)# wherel is the wavelength of the
light field. The physical meaning ofk comes from the ob-
servation that the phase shift between ano and ane wave at
the output of the cell (z5L), when there is no reorientatio
(u5f50), is well approximated bykp @19#. Finally, we
have used the ratiosK1 /K352/3 and K2 /K351/2 of the
Frank elastic constants that are valid for NLCE7 at room
temperature. The expressions for coefficientsa, b, c and d
are given in the Appendix within the limit ofs2!1 andk2

!1. Our simulations are performed with parameterss0
57 °, h50.338, l5514.5 nm andL550 mm for which
s256.631023 and k256.031022. As expected, one can
verify that system~3! reduces to the one in Ref.@19# by
settingr250 andu250.

III. SIMULATIONS

First, we studied, the bifurcation scenario without the co
trol beam (r250) and, as was predicted in Refs.@12# and
@19# we found that the presence of modeu2 does not alter
significantly the dynamics with respect to the minimal mod
~when r250) where only f1 , f2 and u1 are retained
@12,19#. More precisely, we found that a transition to cha
via a cascade of gluing bifurcations occurs although the
termediate transition thresholds are slightly lowered with
spect to the three mode model whenu2 is taken into account
~Table I!. In Table I, we report the successive transiti
thresholds starting fromr150 and increasing the excitatio
2-2
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intensity. The threshold valuer (c) corresponds to destabili
zation of the initial homeotropic state to a stationary reo
ented state andr (0) refers to the supercritical Hopf bifurca
tion which leads to the appearance of two limit cycles t
are mutual images under symmetry offn→2fn (S)
@12,19#. The valuesr (n>1) are the gluing bifurcations thresh
olds where two asymmetric limit cycles that are mutual i
ages underS merge into a single double-length limit cycle
the origin @12,19#. The limit cycles abover15r (n) (n<2)
are summarized in Fig. 2 where projections of the direc
trajectory in the planes (f1 ,u1) ~left column! and (f2 ,u2)
~right column! are displayed.

When the control beam is activated (r2Þ0), the initial
director dynamics may be significantly altered even for sm
values of the ratio between the control and the pump be
intensities,

R5
I 2

I 1
. ~6!

TABLE I. Calculated values of the successive transitions thre
olds for the three mode model (f1 ,f2 ,u1) and four mode mode
(f1 ,f2 ,u1 ,u2).

Transition threshold Three mode model Four mode mod

r (c) 1.063 1.063
r (0) 1.717 1.682
r (1) 1.809 1.773
r (2) 1.947 1.902

FIG. 2. Projections of the director trajectory in planesf1 ,u1

~left column! andf2 ,u2 ~right column! for different values of ex-
citation intensityr without the control beam (r250). r15 ~a!
1.77; ~b! 1.85; ~c! 1.91.
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This is demonstrated in Figs. 3 and 4 which representu1(t)
and f1(t) before and after the control beam has be
switched on for different values ofr1, which is kept fixed. In
Fig. 3, the limit cycle obtained atr151.75 is stabilized to a
fixed point that corresponds to a stationary distorted state
observed experimentally in Ref.@17#. However, experimenta
stabilization was observed for values ofR as small as 1022

for which we did not observe stabilization in the prese
simulations. This discrepancy may be due to the fact that
our case, light propagation is solved up to third order in
angles and that in Ref.@17# contrapropagating geometry wa
used. In fact, truncation to third angle in the angles h
brought us to use a smooth@} sin2p/2(t2t0 /t12t0) where
(t0 ,t1) correspond to the finite duration of the activation
the control beam# rather than a steplike profile for simulatio
of the addition of the second beam, but only for the ca
presented in Fig. 3 where the value ofR is relatively large.
On the other hand, a periodic regime could be driven i
another periodic regime using the control beam. This
shown in Fig. 4 where a single double-length limit cycle
r151.80 @Fig. 4~c!#, above the first gluing bifurcation, is
stabilized into a single limit cycle@Fig. 4~d!# very similar to
the one obtained without control before the first gluing bifu
cation@see Fig. 2~a!#. In fact, the final state can be either on
of the two single limit cycles~mutual images underS) de-
pending on when the control beam is activated.

The chaotic regime can also be stabilized into vario
regimes, periodic or not. Figure 5 shows three different
tically stabilized limit cycle behaviors starting from ther1
51.98 andr250. Figure 5~a! corresponds to the initial at

-

FIG. 3. Stabilization of the periodic regime below the first gl
ing bifurcation atr151.75 in a distorted regime. The control bea
intensity is activated att5250t with R50.17 (t05250t and t1

2t054t; see the text!. The time behavior of anglesf1 ~upper
panel! andu1 ~lower panel! is indicated.
2-3
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tractor (R50) while Figs. 5~b!–5~d! correspond toR
50.02, 0.10 and 0.13, respectively; these results are in g
agreement with the observations reported in Ref.@17#. One
again notes that the stabilized periodic regime is similar
the one obtained after the second gluing bifurcation in
case ofR50.02 @cf. Figs. 5~b! and 2~c!# to the one obtained
after the first gluing bifurcation,R50.10 @cf. Figs. 5~c! and
2~b!# and to the one obtained after Hopf bifurcation atr
5r (0), R50.13 @cf. Figs. 5~d! and 2~a!#. This demonstrates
the possibility of tuning the initial complexity of the dynam
ics with a weak additional beam usingR as a control param
eter, and we refer to this effect asoptical tuning. It is worth
mentioning that, contrary to standard techniques that al
control of chaos using judicious smalldynamicalvariations
of a control parameter@20,21#, the proposed method consis
of the application ofstatic perturbation, which brings addi
tional nonlinearities.

Phenomenologically, the control beam reduces the
grees of freedom of the system. This can be underst
qualitatively since the additional beam ise polarized with
respect to the initial homeotropic state. In fact, the cor
sponding interaction geometry is thresholdless (c0000Þ0; see
the Appendix! in contrast to the situation that corresponds
the pump beam alone. It is therefore expected that the di
tor dynamics are constrained sincen tends to be attracted
towards the polarization plane of the additional beam (x,z).

FIG. 4. Stabilization of the periodic regime between the first a
the second gluing bifurcation atr151.80 in another periodic re
gime. The control beam intensity is activated att5300t with R
50.14. ~a! f1(t); ~b! u1(t); ~c!,~d! projection of the limit cycle in
planef1 ,u1 before and after the control beam is switched on.
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This is illustrated in Fig. 3, where the director is closer to t
(x,z) plane ~i.e., f50 and uÞ0) in the presence of the
second beam.

Moreover, the control beam can drive the system towa
regimes that cannot be observed without the second be
For example, Fig. 6 shows a situation where the initial c
otic regime is set into a period-doubled asymmetric lim
cycle usingR50.06. Figure 7 presents corresponding p
jections of the director trajectory in the planes@(f1 ,u1) and
(f2 ,u2)] for the stabilized regime. The generation of a ne
dynamical regime also agrees with previous experimenta
sults @17#.

In an attempt to physically interpret the origin of the no
linear behavior of the system in the presence of a weak
ditional e-polarized beam, we would like to emphasize t
crucial role played by the incidence angle in director dyna
ics even in singleo-polarized geometry. It was establishe
that different bifurcation scenarios are expected, depend
on the value ofs0, and that different dynamical regimes wit
respect to those observed in the cases057 ° eventually oc-
cur @19#. In Sec. IV, it is shown that a single beam model c
be derived by using aneffectiveincidence angle as a contro
parameter instead of the control beam intensity.

d

FIG. 5. Projections of the director trajectory in planesf1 ,u1

~left column! andf2 ,u2 ~right column! for r151.98 and different
values of control beam intensity.R5 ~a! 0; ~b! 0.02; ~c! 0.10; ~d!
0.13.
2-4
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IV. EFFECTIVE MODEL

The main idea behind the effective single beam mode
to consider separately the action of the pump and the con
beam on the NLC although both act simultaneously in a r
system. First, we focus on the effect of a weak~with respect
to I F) e-polarized beam with angle of incidences0. It is
known that the corresponding reorientation process is thr
oldless and that, in its final state, the director’s profile
stationary and lies in the plane of incidence@f50, u
5u(z)], as presented in Fig. 8~a! @1#. Then, the~collinear!
pump beam is considered to interact with the latter reori
tation profileu(z). In that case, the local angle of inciden
between thez axis and wave vectork is therefore expresse
as @Fig. 8~b!#

slocal~z!5s2u~z!. ~7!

FIG. 6. Stabilization of the chaotic regime atr151.98 in a
period-doubled asymmetric limit cycle. The control beam intens
is activated att5300t with R50.06. The time behavior of angle
f1 ~upper panel! andu1 ~lower panel! is indicated.

FIG. 7. Projection of the director trajectory in planesf1 ,u1

~left! andf2 ,u2 ~right! in the regime obtained from stabilization o
the dynamics atr151.98 withR50.06 ~see Fig. 6!.
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From a qualitative point of view, simultaneous action of t
collinearo- ande-polarized beams can thus be considered
be that of a singleo beam with an effective incident angl
that depends on the reorientation amplitude induced by
e-beam alone. To this end, we introduce the effective an
of incidence,

seff[^slocal&z , ~8!

where the angled brackets refer to spatial averaging along
z direction. Then, a single beam analog (r250) of the origi-
nal problem with parametersr1 , r2 ands is obtained using

@r1 ,r2 ,s#⇔@r1,0,seff~r2 ,s!#, ~9!

where the effective angleseff(r2 ,s) corresponds to the situ
ation where the NLC is reoriented by thee beam alone at
angle of incidences05se'

1/2 with intensity r2. From the
above discussion, we have

seff~r2 ,s!5s2
1

LE0

L

u~z!r150 dz, ~10!

whereu(z)r150 is the reorientation profile that correspon

to r150, r2 ands0. The latter in-plane (f50) reorientation
profile is the solution of the following homogeneous nonli
ear system of two equations@see Eqs.~3! and ~4!#:

(
g,d

S c00gd

d00gdD u1
gu2

d50, ~11!

with

0<g1d<3. ~12!

Figure 9~a! shows the solution of Eqs.~11! and~12! in the
range of 0<r2<0.35 and the effective angle of incidenc

y

FIG. 8. ~a! Reorientation of the NLC by ane beam with angle of
incidences0. ~b! Local angleslocal(z)5s2u(z).
2-5
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seff,0 , is calculated as a function ofr2 using Eq.~10! when
s057 ° @Fig. 9~b!#. Typically, the effective angle can in
crease by more than 1 ° with respect to the real angle
incidence even with moderate values ofr2 @Fig. 9~b!#. This
allows us to understand qualitatively the results in Sec.
since the dynamics are very sensitive to the angle of in
dence@19# and that, from the equivalence given by Eq.~9!, it
is possible to describe optical stabilization using the sin
beam model (r250) but varying the angle of incidence. Fo
instance, Fig. 10 shows the analog of the stabilization of
chaotic regime atr151.98 ands057 ° with R50.1 @see Fig.
5~c!# using the effective model. In that case, it correspond
an increase in incidence angle by the amo
seff,0(0.198,s0)2s051.4°, but keepingr151.98 and r2
50. The final state obtained in the effective model is ve
similar to the one obtain in the original model where t
angle of incidence is fixed and the value ofr2 is changed
from 0 to 0.198@cf. Figs. 10~d! and 5~c!#; this confirms our
interpretation of the stabilization phenomenon.

V. CONCLUSION

In this work, we have studied optical control of the dire
tor dynamics generated by an ordinary polarized light a
small angle of incidence in a homeotropic nematic liqu
crystal film by adding a collinear orthogonally polarize
beam with respect to the pump beam. A set of ordinary
ferential equations was obtained and the possibility to t
the complexity of the dynamics using the control beam
tensity as a control parameter was demonstrated. New
namical regimes not observed in single beam geometry w

FIG. 9. ~a! Calculatedu1 ~solid line! andu2 ~dashed line! vs r2

for r150 ands057°. ~b! Calculated effective angle of incidenc
seff,0 vs r2 under the same conditions as those in~a!.
02171
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also predicted. The results obtained agree with previous
perimental observations and physical interpretation of
stabilization phenomenon was proposed through an effec
model, in which the angle of incidence is viewed as t
control parameter and only one beam is used. We hope
work will be useful for systematic analysis of previous a
future experimental results.
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APPENDIX

Here we give explicit expressions for the nonzero coe
cientsaabgd , babgd , cabgd anddabgd introduced in Eq.~3!
for a1b1g1d<3 with a, b, g andd integers:

a10005211r1@12k2#2r2F s2

11h
2k2G , ~A1!

a010052~r12r2!k2, ~A2!

FIG. 10. Stabilization of the chaotic regime in the effecti
model that corresponds tor151.98, R50.1 and s057° in the
original model@see Fig. 5~c!#. The incidence angle is set to the ne
value,seff,0(0.198,s0)58.4°, at t5300t when effective control is
activated.~a! f1(t); ~b! u1(t); ~c!,~d! projection of the director
trajectory in planef1 ,u1 before and after the angle is changed.
2-6
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a10105r1p
k2

s
1r2F 16

3p

s

11h
2p

k2

s G , ~A3!

a01105~r12r2!
9p21256

36p

k2

s
, ~A4!

a01015r1

45p22128

90p

k2

s

1r2F 64

15p

s

11h
2

45p22128

90p

k2

s G , ~A5!

a12005
5

6
1r1F2h21

11h
1

7

8

k2

s2 G2r2

7

8

k2

s2
, ~A6!

a30005
1

6
1r1F 2h21

2~11h!
2

k2

2s2G1r2

k2

2s2
, ~A7!

a102052
1

3
1r1F 3h

4~11h!
2

14114p2

48

k2

s2 G
1r2F3h~21h!

4~11h!
1

14114p2

48

k2

s2 G , ~A8!

a03005~r12r2!
k2

2s2
, ~A9!

a10025
5

4
1r1F h

2~11h!
2

8

9

k2

s2 G1r2Fh~21h!

2~11h!
1

8

9

k2

s2 G ,

~A10!

a21005~r12r2!
k2

4s2
, ~A11!

a012052~r12r2!
127

36

k2

s2
, ~A12!

a010252~r12r2!
7

18

k2

s2
, ~A13!

a011152
53

12
1r1F h

11h
2

487124p2

288

k2

s2 G
1r2Fh~21h!

11h
1

487124p2

288

k2

s2 G , ~A14!

b01005241r1F11
3

4
k2G2r2F s2

11h
1

3

4
k2G , ~A15!

b10005~r12r2!k2, ~A16!
02171
b011052r1

64

9p

k2

s
1r2F 64

15p

s

11h
1

64

9p

k2

s G ,
~A17!

b101052~r12r2!
9p21256

36p

k2

s
, ~A18!

b10015r1

45p22128

90p

k2

s

1r2F 64

15p

s

11h
2

45p22128

90p

k2

s G , ~A19!

b101152
17

12
1r1F h

11h
2

487124p2

288

k2

s2 G
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